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1 .  Introduction  and  Principles  of  Generation 

Circular  arc  helical  gears  (Wildhaber  -  Novikov  gears)  have 
the  following  advantages  over  involute  helical  gears:  (a)  there 
is  reduced  contacting  stresses  and  (b)  the  conditions  of 
lubrication  are  better.  The  disadvantages  of  the  circular  arc 
helical  gears  are:  (a)  higer  bending  stresses,  (b)  the 
sensitivity  to  the  change  of  center  distance  and  ( c)  a  more 
complicated  shape  of  the  tool.  The  bending  stresses  can  be 
reduced  by  appropriate  proportions  of  tooth  elements.  The  effect 
of  dislocation  of  the  bearing  contact  due  to  the  change  of  the 
gear  center  distance  can  be  reduced  by  appropriate  relations 
between  the  principal  curvatures  of  the  gears  and  may  even  be 
compensated  technologically.  Circular  arc  gears  can  be 
successfully  applied  in  gear  trains  with  limited  weight.  The 
success  of  Westland  Helicopter  Co.  which  designed  and 
manufactured  these  gears  is  the  best  evidence  of  this  statement. 

The  main  advantages  of  the  discussed  gears -reduced 
contacting  stresses  and  improved  conditions  of  lubrication  -  are 
the  result  of  special  conditions  of  the  contact  of  gear  tooth 


surfaces  and  their  meshing.  Surfaces  of  the  gear  teeth  contact 
each  other  at  a  point  at  every  instant,  instead  of  a  line?  the 
relations  between  the  principal  curvatures  of  surfaces  are  free 
of  the  limitations  which  exist  for  gears  having  line  contact  of 
the  surfaces;  the  point  of  contact  (it  is  the  center  of  the 
contacting  ellipse)  moves  over  the  surface  along  a  helix,  and  it 
is  due  to  this  motion  of  the  contact  point  and  a  favorable 
orientation  of  the  contacting  ellipse  that  the  conditions  of 
lubrication  are  improved  substantially. 

Consider  that  shapes  Z ^  and  Z2  are  in  contact  at  point  M 
(Fig.  1.1);  Z^  and  Z 2  are  the  cross-sections  of  gear  tooth 

surfaces;  the  instantaneous  angular  velocity  ratio  is  given  by 
(1)  0,1 

m  =  -  =  — — 

12  (2)  0nI 

oj  t 

It  is  not  excluded  thatn>12  is  not  constant ,  thus  m12  =  ^  ( 4>  ]_ )  where 

d  if 

<t>1  is  the  angle  of  rotation  of  gearl.  The  derivative^ —  is  egual 

1  -  aq>2 

to  zero  if  and  only  if  the  following  eguation  is  satisfied 


p2  -  Pl 

(Pj  -  Z)  <P2  -  it) 


.  rl  +  r2 


pJ-Mp1+4p)+)l2  rlr2sln*c  u.l) 


Here:  =  C2M,  p1  =  C^M  where  and  C2  are  the  centers  of 

curvatures  of  shapes  Z^  and  z^ *  respectively;  Ap  =  p2  -  p^  ; 

Z  =  IM;  r  =  0^1  and  r2  =  02I;  is  the  angle  formed  by  the  shapes 
normal,  n,  and  line  m-m.  Equation  (1.1)  results  in  that  the 
difference  of  curvature  radii,  Ap  =  p2  -  p^,  depends  on  r  ^ ,  r2,  ij;  , 
l  ,  and  Pj  .  Thus,  Ap  is  not  a  free  design  parameter  and  we 


cannot  substantially  reduce  the  contacting  stress  by  minimizing 
Ap.  This  obstacle  can  be  overcome  if  the  gears  are  designed 
as  helical  gears  and  the  gear  tooth  surfaces  are  in  point 
contact. 

Consider  that  the  difference  of  curvature  radii,  Ap, 
provides  optimal  conditions  for  contacting  stresses,  but  does 
not  satisfy  equation  (1.1).  If  the  gear  tooth  surfaces  would 
be  designed  as  spur  or  helical  gears,  whose  surfaces  are  in 
line  contact,  then  such  gears  would  not  be  able  to  transform 
rotation  with  the  constant  angular  velocity.  But  if  the  gears 
are  designed  as  helcial  gears  whose  surfaces  are  in  point  con¬ 
tact,  then  both  requirements  -  the  reduction  of  contacting 
stresses  and  the  constancy  of  gear  ratio  -  can  be  achieved. 

Fig.  1.2  a  shows  a  gear  tooth  surface  of  a  helical  gear. 
This  surface  may  be  generated  by  a  planar  curve  I  in  its  screw 
motion  about  axis  0-0. 

Consider  two  cross-section  of  the  gear  tooth  surface  formed 
by  cutting  the  surface  by  two  planes,  P-^  and  P2(Fig.  1.2a,b). 
Shapes  E^  and  E^  lie  in  planes  P^  and  P 2,  respectively.  The 
location  and  orientation  of  E^  with  respect  to  E  ^  is  deter¬ 
mined  by  the  axial  displacement  and  rotation  of  E^'  in  its 
screw  motion  while  it  generates  the  screw  surface  of  the  gear. 

We  assume  that  in  such  a  screw  motion  of  E^,  the  gear  is  at 


rest. 

Now,  consider  that  two  helical  gears  are  in  mesh  and  their 

screw  surfaces  contact  each  other  at  point  M  initially  (Fig.  1.2 

* 

b) .  The  shapes  of  gears  1  and  2  have  a  common  normal  n  at  M, 
which  passes  through  point  I  -  the  point  of  intersection  of  the 


m 

m 


i 


instantaneous  axis  of  rotation  I  -  I  with  the  plane  P  .  Shape  I 
of  the  screw  surface  of  gear  1  will  come  in  contact  with  the 
corresponding  shape  of  gear  2  if  the  qears  will  be  rotated 

(2) 

through  certain  angles  about  their  axes.  For  instance,  shape  L 
of  gear  1  will  come  in  tangency  with  the  mating  shape  of  gear  2 
if  shape  £  takes  the  position  of  l This  position  can  be 
reached  if  the  gear  with  its  screw  surface  (thus  with  the  shapes 

(1)  (2)  <3>  (D 

I  and  I  )  is  rotated  about  axis  0-0.  Shapes  £  and  I  have  the 

same  orientation  but  lie  in  different  plane  P^  and  , 

respectively.  In  the  process  of  meshing  of  helical  gears  with 

the  type  of  point  contact  described  above,  the  qear  tooth 

surfaces  contact  each  other  at  every  instant  at  a  point  along  the 

line  ML,  which  is  parallel  to  the  axes  of  gear  rotations.  Line 

ML  is  the  line  of  action  of  gear  tooth  surfaces. 

It  is  known  that  a  screw  surface  of  a  helical  qear  may  be 

generated  by  a  cylindrical  surface  whose  generatrix  are 

parallel  to  plane  tt  and  form  a  certain  angle  with  the  gear  axis 

(Fig  1.3  a).  Plane  tt  is  the  tangent  plane  to  the  gear  cylinder 

of  radius  r.  While  the  generating  surface!  translates  with 

c 

plane  tt  ,  with  velocity  v,  the  gear  rotates  with  angular  velocity 
cu,  where  oj  =v  t  r.  Plane  n  and  the  cylinder  of  radius  r  are  the 
axodes . 

To  generate  gears  having  point  contact  of  their  surfaces,  we 

have  to  use  two  generating  cylindrical  surfaces,  £  ^  and  £  ^ 

c  c 

(Fig.  1.3  a),  which  contact  each  other  along  a  straight  line. 
While  plane  tt  translates  with  velocity  v,  the  gears  rotate  with 
angular  velocities,  a(1)  and  ou(2)  respectively  (Fig.  1.3  b)  . 


W.V  V\*  W 


/ 


a 


We  may  imagine  that  surface  E  generates  the  screw  surface 

(2) 

of  gear  1,  and  Ec  generates  the  screw  surface  E 2  of  gear  2. 
The  surfaces  of  helical  gears,  E^  and  I2  *  will  be  in  point 
contact  and  their  line  of  action  will  be  the  line  ML  (Fig  1.2 


We  have  to  emphasize  that  surfaces  E 


and  E^  (  i  =  1 , 2 ) 


are  in  line  contact  and  E^  is  generated  as  an  envelope  of  the 


family  surfaces  E 


.  Using  two  different  generating 


surfaces,  E  '  '  and  E  1  ',  we  may  generate  screw  surfaces  for 
both  helical  gears  with  a  point  contact  of  the  gear  tooth 
surfaces,  and  overcome  the  limitation  of  the  difference  of  the 
curvatures  determined  by  eguation  (1.1).  The  described  method  of 
generation  is  the  key  to  the  problem  of  synthesis  of  helical 
gears  with  reduced  contacting  stresses. 


2 .  Generating  Surfaces 

Fig.  2.1  shows  the  normal  section  of  the  space  of  rack 
cutter  F  which  generates  the  tooth  of  gear  1.  The  shapes  of  the 
rack  cutter  for  each  of  its  sides  represent  two  circular  arcs 


centered  at  C„  and  Cc,  ,  respectively. 

r  r 


The  circular  arc  of 


radius  Pp^  with  center  at  generates  the  fillet  surface  of 

the  gear  1  while  the  circular  arc  of  radius  PF  with  center  at  CF 

(F) 

generates  the  working  surface.  Point  0  lies  in  plane  it  (Fig. 


1.3) 


Fig.  2.2  shows  the  normal  section  of  the  tooth  of  the  rack 


cutter  P  which  generates  the  space  of  gear  2.  The  shape  of  the 
rack  cutter  for  each  side  represents  two  circular  arcs  centered 


.*■  .‘v’’  -V 


at  C  and  C  ,  respectively.  The  circular  arc  of  radius  p' 
P  P  (f)  F 


with  center  at  (L 


generates  the  fillet  surface  of  gear  2 


while  the  circular  arc  of  radius  pp  with  center  at  Cp  generates 
the  working  surface. 

The  shapes  of  the  mating  rack  cutters  do  not  coincide; 
rather  they  are  in  tangency  at  points  and  M2. 

We  may  represent  all  four  circular  arcs  in  the  coordinate 
system  S  (x  ,y  ,z  )  by  the  same  equations 

3  cl  3.  cl 


x(i)  =  p.sin0.  -  b.,  y  -{p.cosS.  -  a),  0 

3.  1  1  i '  J  a  1  1  i  a 


(2.1) 


Here:  p.  is  the  radius  of  the  circular  arc,  a.  and  b.  are 

1  11 

algebraic  values  which  determine  the  location  of  the  center  of 
the  circular  arc;  0^  is  the  variable  parameter  which  determines 
the  location  of  a  point  on  the  circular  arc  (  6^  is  measured 
clockwise  from  the  negative  axis  ya);  Pn  is  the  diametral  pitch 
in  the  normal  section;  and  <ic  is  the  pressure  angle.  The  element 
proportions  of  rack  cutters  h^,  h  h  3  and  ^4  are  expressed  in 
terms  of  the  normal  diametral  pitch,  Pn. 

It  was  mentioned  above  that  equations  (2.1)  represent  all 
four  circular  arcs  -  the  shapes  of  both  rack  cutters.  Thus 
equat i ons 


■  C  k  (F> 

=  fF  sin  6 p-  bF,  ya  = 


-(pFcosOF-aF)  ,  z(aF) 


=  0  (2.2) 


represent  the  circular  arc  centered  at  CF  (Fig.  2.1). 

Knowing  the  normal  section  of  the  rack  cutter,  we  may  derive 


equations  of  the  generating  surface  using  the  matrix  form  of 


coordinate  transformation.  Consider  that  a  rack  cutter  shape  is 


represented  in  the  coordinate  system  s'  (Fig.  2.3  b)  while  the 


coordinate  system  Sa  translates  along  the  line  0 


,<i)  Ji) 


with 


respect  to  ;  0C =  ui  is  a  variable  parameter.  Using  the 


matrix  eguation 


c 

(i)  = 


s  i  n  A^ 


cos  X .  u . cosA  . 
11  l 


■cosA . 

l 


sinA.  u.sinA. 

li  l 


(2.3) 


we  obtain  ( i  =  F,  P) 


pisin6i-bi 

-(p.  cose  .-a  .  )sin  A  .  +  u.cosA. 

i  i  i  ill 

(P-  cose.-  a.JcosA.  +  u-sinA. 
i  i  i  ill 


(2.4) 


In  the  derivation  of  equations  (2.4),  we  assumed  that  a.>  0  and 

i 


b^  >  0.  The  unit  normal  to  the  rack  cutter  surface  is  given  by 


the  equations 


- 


K ( i *  ... 

rW-  -  N(l) 

In1 

~c 


(2.5) 


Equations  (2.4)  and  (2.5)  yield 


[n^  ]  =  -cos6^sinA^ 


(2.6) 


cos6  ^cos A i 


■  .  ifJxVi  ^  ^ 


Consider  that  coordinate  systems  S  and  S  coincide.  Surfaces  £ 
(P)  c  c 

and  I  will  be  in  tangency  if  the  following  equations  are 

satisf ied 


(F) 

(P) 

(F) 

(P) 

(F) 

(P) 

X 

=  x  , 

y 

=  y  , 

z 

=  z 

c 

c 

c 

c 

c 

c 

(F) 

(P) 

(F) 

(P) 

(F) 

(P) 

n 

=  n  , 

n 

=  n 

n 

=  n 

xc 

xc 

yc 

yc 

zc 

zc 

Equations  (2.4),  (2.6),  (2.7)  and  (2.R)  yield  that  surfaces  Ip 
and  1^  are  in  tangency  along  a  straight  line  a-a  (Fiq.  1.3,  a)  if 
the  following  conditions  are  satisfied. 

GP  =  6D  =  4>  ,  Up  =  u_ ,  X p  =  A  ,  (p  -  p  )  sinij;  =  b  -  , 

r  F  C  r  F  r  F  Pr  C  ]D  r 

(Pp  -  PF)cosi^c  =  ap  -  aF 

Here:  is  the  pressure  angle. 

The  normal  sections  of  the  gear  teeth  do  not  coincide  with 
the  corresponding  normal  sections  of  the  rack  cutters. 

Neglecting  this  difference  we  may  identify  the  normal  sections  of 
gear  teeth  with  the  normal  sections  of  rack  cutters.  The  shapes 
of  the  gear  teeth  in  the  normal  section  are  shown  in  Fig.  2.4. 
These  shapes  are  in  tangency  at  points  and  Ko .  Considering  the 
two  sides  of  the  teeth,  we  have  to  consider  two  pairs  of 
surfaces,  z  and  I  .  Each  pair  of  these  surfaces  is  in  tangency 
along  a  straight  line  a-a  (Fig.  1.3  a)  and  point  M  ( i  =  1,2) 
lies  on  a-a.  The  shape  normals  at  M  and  M2  pass  through  point 
I  which  lies  on  the  instantaneous  axis  of  rotation  and  coincides 


( 

l' 


the  equation  of  meshing  as  follows 


Y  _  y 

r*  “  r 


Z  _  z 


(3.2) 


Equation  (3.2)  expresses  that  the  normal  to  surfaces  Zc  and  Z^ 
at  their  points  of  contact  intersects  the  instantaneous  axis  of 
rotation,  I-I.  Here 


X  =  0 ,  Y  =  r,  ,  Z  =  £ 
c  c  1  1  c 


are  the  coordinates  of  I-I. 


Equations  (3.2),  (2.4)  and  (2.6)  yield 


(ri^l  "  ufcosXf  "  aFsin*F)  sin0F  +  bpcos  6pS  inXp= 

V  V0F'*1  }  =  0 


(3.3) 


(ci)  (ci) 

Here:  X  =  -b  ,  Y  =  a  are  the  coordinates  of  center  C„ 

a  Far  F 

( Fig .  2.1) 

The  equation  of  meshing  (3.3)  and  equations  (2.4)  of  the 
generating  surface  Z^  ,  considered  simultaneously,  represent  a 
line  on  surface  Zc(line  Lp)  which  is  the  line  of  contact  of  Zc 
and  Z^  .  The  location  of  this  line  on  Zc  depends  on  the  parameter 
of  motion  .  In  the  case  of  bp  =  0  equation  (3.3)  yields  that 


Mrl  ~  F  F  (3.4) 

UF  cos  A 

F 

for  any  Op 

Thus  the  line  of  contact  is  a  circle  of  radius  f  p  ( F i q .  3.2  a). 


16 


CONTACT  LINES 

(bF=0) 


\ 


r  / 
/ 


Fig.  3.2  b  shows  the  contact  lines  for  the  case  with  b  f  0.  It 

F 


results  from  equation  (3.3)  that 


rl^l 

UF  =  VoteFtanXF  +  cosT 


-  aFtanAF 


( 3 . ' 


The  contact  lines  approach  infinity  as  @  approaches  zero. 

F 


Surface  may  be  determined  with  the  family  of  contact 
lines  represented  in  the  coordinate  system  S^.  Usinq  the  matrix 
equat ion 


M  ■  KK1  •  h,]KE’)  ■ 


(F)- 


cos$ 

-sin<f>i 

0 

r1(cos4>1  + 

♦l 

s  in4>1) 

r  (f)  i 

xc 

sin$2 

COS^} 

0 

r-^  sint}!^  - 

♦l 

COS^) 

(F) 

yc 

0 

0 

1 

0 

iV 

.  o 

0 

0 

1 

J 

-  1 

(3.5 


and  equations  (2.4)  and  (3.4),  we  obtain 


x  1  =  (pFsineF  -  bF  +  r^ )  cos^ 

+  ( P  cose  -  b  cote-Jsin^  sinx 
F  F  F  F  IF 

y  1  =  (PpSineF  -  bF  +  rl)sin4>1  (j*° 

-  ( ppCoseF  -  bpCote  )cos$  sinAp, 

aF 

=  PFcos6FcosAf-  Co'sXF  +  bpCOtOptanApSinAp  +  r^tanAp 

Equations  (3.6)  represent  the  tooth  surfaces  of  qear  1  with 
surface  coordinates  Op  and  To  qet  the  normal  section  of  this 


surface,  we  have  to  cut  the  gear  tooth  surface  by  the  plane  which 
is  drawn  through  the  axis  perpendicular  to  the  tooth  direc¬ 
tion  in  plane  ir  (Fig.  1.3,  a)  The  cutting  plane  is  represented 
in  the  coordinate  system  by  the  equation  (Fig.  3.3) 

V1  =  "zitanAF  (3*7) 

Equations  (3.6)  and  (3.7)  considered  simultaneously  yield  the 
following  relation  between  6p  and  ^  • 

A  sin<t>  +  B  cos4>  +  D  4>  =  E  (3.8) 

I  1  I  1  II  I 


Here 


AI  = 


PFsineF  -  bF  +  rx 

sinX„ 


DI  = 


-PFCOS0F  +  b-j-cotSp 


tan^X. 


(3.9) 


1  sinX, 


EI  = 


2 

-Pfcos8  +  - 2 —  "  bp cot6p tan  Xp 

cos  Xp 


Considering  that  6_  is  qiven  we  may  determine  <}>■,  usinq  equation 

i  *  u 

bp 

(3.8).  It  is  easy  to  verify  that  ^  =  0  with  tanBp  =  — g— 


We  may  represent  the  normal  section  of  in  the  coordinate 

*  *  *  * 

system  S  (x  ,y  ,z  ),  where 
1111 


l.Jr 


X1  =  X1  '  yl  =  yicos*F  +  zisin^F 


,  =  -y^sinAp  +  z^  cosAp 

(3.10) 


Equations  (3.7)  and  (3.10)  yield 


* 


V 


cosA, 


(3.11) 


The  sought-for  normal  section  may  now  be  represented  by  the 
following  equations: 


AjSin4>^  +  B^cos<J)^  +  DI^1 


=  E, 


=  sinAp  ( Aj-costfi^  -  B^sin^) 

* 

vi  '  0 

zi  -  'EI  +  Vi 


(3.12) 


Here  A  ,  B  and  E  are  functions  of  0  ( see  equations  (3.9)).  The 
III  F 

x*  -  axis  is  the  axis  of  symmetry  of  the  normal  section. 

Equations  similar  to  (3.12)  can  be  used  for  the  deter¬ 
mination  of  the  normal  section  of  the  "fillet"  surface,  but  we 
have  to  substitute  pp  ,  0p  ,  bp  and  a?  by  Pp \  bp^  and  a^f^, 

respectively  (Fiq.  2.4  and  Fiq.  2.1).  The  circular  arc  DE 
represents  the  fillet  of  the  rack  cutter  in  the  normal  section, 
points  D  and  E  are  the  points  of  tanqency  of  this  circular  arc 
with  the  upper  and  lower  parts  of  the  shape  of  the  rack  cutter 
( Fiq .  2.1). 

Equations  (3.12)  are  of  a  general  nature  and  they  can  be 
used  for  all  cases  of  the  generation  of  gear  1  with  a  rack  cutter 


i*jH 


a 


having  the  shape  of  a  circular  arc.  In  particular,  these 
equations  may  be  used  in  the  case  of  generation  of  the  "fillet" 
surface  of  involute  gears. 

Similarly,  we  can  derive  equations  of  the  tooth  surface  of 
gear  2.  The  equation  of  meshing  of  the  rack  cutter  P  and  gear  2 
is  given  by 


(r_$„  -  u  cosA  -  a  sinA  )sin0  +  b  cosB  sinA  = 

2  2  p  p  p  p  p  p  p  p 

fp(up'  V  =  0 


The  line  of  contact  of  and  X2  is  represented  in  Sc  by 

equations 


(3.13) 


Ppsin0P  -  bp 


=  -  (pp  cos6p  -  ap)sinAp  +  bpcotepsin\p 
-apsinAp  +  r  2^2 


(3.14) 


pPCOS0PCOsAP  "  cos A~~  +  bpcot0PtanApsinAp+  r24>2tanAp 

P 


The  coordinate  transformation  from  Sc  to  S2  is  represented  by 
the  following  matrix  equation  (Fig.  3.1  b) : 


N  '[%Kc][rcp>]  - 


cos$2  sinc^  0 
■sin^  cos(f2  0 


r2^2 


cos<}>2 

sin<$2 

0 

-r2(cos$2  +  4>2sin<f>2 ) 

c 

s  i  n<f>  2 

cos^ 

0 

r2(sin<})2  -  4>2cos({)2) 

vf’ 

0 

0 

1 

0 

z<p> 

c 

0 

0 

0 

1 

1 

Equations  (3.15)  and  (3.14)  yield 

x2  =  (Ppsin6p  "  bP  "  r2 ) cos<f>2 

-  ( ppcos6p  -  bp  cot0p )  s  i  n$  2  sinAp 

(3.16) 

V2  =  -(ppSinBp-  bp  -  r2)sin<f>2 

-(ppCOsQp-  bpCote  p)  cos  <p  sin  Ap 

aP 

z2  =  PpCosGpCOsAp-  -0-x-  +  bpCOtepSinAptanAp  +  r^  tanAp 

We  will  determine  the  normal  section  of  Z2  bY  cutting  the  gear 
tooth  surface  by  the  same  plane  as  we  cut  .  Considering 
simultaneously  equation  (3.16)  with  the  equation 

y2  =  -z2  tanAp  (3.17) 

we  get 


AIIsin*2  +  Bhcos^2  +  DII<t>2  =  EII 


(3.1R) 


*11= 


ppsin8p-  bp“  r 2 
sinX_ 


BII=  -  Ppcos  6p  +  bp  cot  8p 
tan^Xp 

DII=  r2  sinXp 


E 


II 


- PpCOS 0p  + 


2, 

cos  XT 


bpcot  6ptan 


(3.19) 


We  may  represent  the  sought-for  normal  section/in  the  coordinate 
*  *  *  * 

system  S 2(x 2,  y 2»  z2  )/ whose  orientation  with  respect  to  S2  is 

* 

similar  to  the  orientation  of  S .  with  respect  to  S-j^Fig.  3.3). 
Using  eguations 


*  *  *  z2 

x  2  =  x  2 '  v2  =  z2  "  55ii; 

which  are  similar  to  equations  (3.11), 
normal  section  of  S2  as  follows 


(3.20) 

we  may  represent  the 


AIIsin({,2  +  BIICOS*2  +  DII^2  =  EII 

x*  =  (-A  cos4>2  +  Bi;[sin({>2)  sinXp  (3.21) 

v2  -  0 

z  2  =_Eri+  Di  i  ^  2 

Equations  similar  to  (3.21)  represent  the  normal  section  of 
the  "fillet"  surface.  To  derive  these  equations,  we  have  to  sub¬ 
stitute  Pp,  6  p,  bp  and  ap  by  p^f ] ,  6^f  \  b^f } ,  and  a^f } in  equations 
(3.19).  The  normal  section  of  the  "fillet"  surface  of  the  rack 
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cutter  P  is  represented  in  Fig.  2.2. 


4  Principal  Curvatures  and  Directions  of  Gear  Tooth  Surfaces 

The  principal  curvatures  and  directions  of  two  contacting 
surfaces  are  necessary  to  define  the  size  and  direction  of  the 
contact  ellipse  at  the  contact  point.  If  the  relations  between 
the  principal  curvatures  and  directions  of  two  surfaces  which 
are  in  mesh  are  known,  the  solution  of  this  problem  can  be  signi¬ 
ficantly  simplified.  Such  relations  were  worked  out  first  by  Dr. 
F  .  L.  Li  tv  in  . 

Step  1;  Principal  curvatures  and  directions  of  the 


generating  surfaces  Z  and  z 

F  P 


The  rack  cutter  surface  Z  and  z  and  their  unit  normals  are 

F  P 

represented  in  the  coordinate  system  S  by  equations  (2.4)  and 

c 

(2.6),  respectively.  The  principal  curvatures  and  directions  for 
a  given  surface  may  be  obtained  by  using  Rodrigues7  equation  [5]: 


'  I 


V 

II  - r 


-  n 
-  r 


(4.1) 


Here:  K  are  the  principal 

I  ,  1 1 

velocity  of  the  point  of  contac 

and  n  is  the  velocity  of  the  t 
~r 

motion.  Equations  (2.4)  and  (2 
expressions  for  the  principal  d 


curvatures;  V  is  relat 
~r 

t  in  its  motion  over  the 
ip  of  the  unit  normal  in 
.6)  yield  the  following 
irections  and  curvatures 


ive 

surface , 
the  above 
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du  • 
_ 1 

dt 


=  0, 


(i) 

i (i) _  Yrl 
ij  '  iv«i> 


cos6^ 

sine^sin , 

-sine . cosX . 

1  l  J 


( i  =  F,  P) 


(4.2) 


2) 


ae . 

dt 


0, 


0 

cosA  . 

l 

sinAi 


(i) 

k  =  0,  (  i  =  F,  P) 

(4.3) 


Subscripts  I  and  II  desiqnate  the  two  principal  directions  and 

curvatures;  the  unit  vectors  i|^  and  i^^  are  given  in  the 

coordinate  system  Sc  but  they  are  represented  in  the  coordinate 

system  by  the  same  matrices.  The  above  unit  vectors  may  also 

be  considered  as  the  unit  vectors  of  axes  yfc  and  zfc  of  the 

coordinate  system  which  is  riqidly  connected  to  the  rack 

cutter  surfaces,  and  I  (Fig.  4.1).  The  unit  vector  of  the 

x^  -  axis  coincides  with  the  common  unit  normal  to  surfaces 
t  F 

and  £p  along  their  line  of  tangency,  axis  z  Centers  Cp  and 

•  •  (  F )  ( P  ) 

Cp  are  the  centers  of  the  principal  curvatures  xj  and 
( Fig .  4.1  c )  . 

The  column  matrices  [  i  and  [i^]  maY  t>e  also  derived  by 
using  the  matrix  [L  ]  which  represents  the  transformation  of 
direction  cosines  in  transition  from  to  S  .  Using  the  drawinqs 
of  Fiq.  4.1  c,  Fig.  2.3  and  Fig.  3.1,  we  obtain 

KHLfc]  [Lca][Lat]  ■ 
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-cosB.sinA.  sine.sinA. 

x  1  ii 

cos&.cosA.  -sinG .cosA . 

ii  ii 


cosA 


1  =  1 
1.1  [ft 

f  J 


sinA  . 

l 


=  ,Lft. 


(4.4) 


where:  i  =  F,  P  and 


6  .  is  the  pressure  angle  (Fig.  4.1  c) 


Step  2:  Principal  curvatures  and  directions  of  . 

We  may  determine  the  principal  curvatures  and  directions  of  I 
by  using  the  following  equations: 


tan  2a 


(F)  (F)  (1) 

KI  '  KII  +  G 


(1)  (1)  (F)  (F)  (1) 

I  II  I  II 


(1)  (1) 

¥\  -  K 

I  II 


(F)  (F)  (1) 

KI  -  KII  +  G 

...  o.(Fl) 


cos  2o 


a(1) 

32 

bY’ 

+  (v 

ra(l 
[ 3  3 1 

‘l2  - 

bY’ 

+  (v 

[  a3  i 

JLt 

+  (V 

:II  '  32 


(Fl)i(F))  a(1)  +  <v(F1)i(F,la(1) 
•  ii  '  a31  +  (Y  •  in  )a32 


(4.5) 


(4.6  ) 


(4.7) 


(4.8) 


(4.9) 


(4.10) 


■  II  '  32 


V-V-V-V-  vv,.v/v'A>Vy‘/'K‘'-Wj 


(1) 

31 

II 

t  3^ 

HI 

(FI) 

if’) 

VIF) 
"  h 

(v<F1) 

i(F)  ) 

*  -I  ' 

(4.11) 

(1) 

32 

=  [n<F> 

(FI) 

‘xTi 

„(F) 

"  *11 

(v‘F1> 

i(F)  ) 

•hi  } 

(4.12) 

(1) 

3 

-  [n(F) 

ID 

-[n{F) 

(F) 

V(D] 

-  tr 

(4.13) 

All  the  vectors  of  equations  (4.5)  -  (4.13)  are  represented  in 


the  coordinate  system  and  the  coordinate  system  coincides 
with  5^  (Fiq.  3.1);  and  <  are  the  principal  curvatures  of 


Z.  ,  v ^F^  is  the  anqle  which  is  formed  by  vectors  i ^  and  i ^ ' 
^  n\  ■*’  1  I 


(i) 


(i) 


(i) 


where  i  is  the  unit  vector  for  the  princinal  direction  I  on 
(F)  1  (F) 

surface  I.;  *  '  =  -  —  and  ►  '  '  =  0  are  the  principal  curvatures 

i  1  Cp  li 

of  Zp  .  Let  us  derive  the  followinq  auxiliary  equations 


(F1 )  =  (F)  _  (1)  =  _  (1) 


0 

0 

(1) 


(4.14) 


Vector  ...  =0  because  the  rack  cutter  performs  translational 

mot  ion  ( Fiq  .  3.1  a) 


r(F)  (FI)  .(F)-,  (1)  . 

L  n  o  l  J  =  -  co  sinAp 

[f  ,,F1>  -  -0)*1’  sinSrcosXF 


The  point  of  contact  of  surfaces  and  ^  lies  on  a  straiqht 
line  which  passes  throuqh  the  point  whose  coordinates  are  given 
by 
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The  sliding  velocity  is  given  by 


(FI)  (F)  (1)  (1) 

V  =  V  -  V  =  Ui 


(pFcoseF  -  bFcoteF) sinAF 


PFsin6F  -  bF 


0 


(4.22) 


Thus,  we  obtain  (see  eguations  (4.21),  (4.2)  and  (4.3)): 


(FI)  (F)  (1) 


h 


F  sin0. 


sinx. 


(4.23) 


(FI)  .  (F) 

Y  •  hi 


1) 


F  sin0. 


sin  8  cosa 

r  r 


(4.24) 


Using  eguations  (4.11),  (4.12),  (4.15),  (4.16),  (4.23),  (4.24) 
(4.2),  and  (4.3),  we  obtain 


(1) 


(1)  bFsinXF 


31' 


ppSinOp 


(4.25) 


(1)  (1) 


32 


sin0  cosX„ 
F  F 


(4.26) 


Using  eguations  (4.13),  (2.6),  (4.20)  and  (4.21),  we  get 


^  ^  /  ( i )  \  ^ 

b,  =  -  h  '  )  r  sins, 


V 


(4.27) 


(1)  (1)  (1) 

We  mav  now  derive  the  final  expressions  for  F  ,  G  and  S 


follows ; 


(1) 


—  sinA„cos),„ 
PF  F  F 


(4.28) 


(1) 


b„sinX„ 
F  r 


PFsin6F 


2q  2, 

sm  8pCOS  Xp 


(1) 


bF 

p_ 

sinXp" 

sin0_ 

2  2 
+  s in  e.cos  a. 

-  _ 

L  F 

Fj 

F  F 

Here 


Aj  =  r  x  s i n6p  + 


s  in6. 


bpSin  X 

- : — +  sin^6„cos^X„ 

LPFsin6p  F  F 


Equations  (4.5)  -  (4.7)  and  (4.25)  -  (4.31)  determine  the 
principal  curvatures  and  directions  of  surface  Z,  at  the 


of  contact  of  surfaces  Z^  andl^ 


Step  3;  Principal  curvatures  and  directions  of  Z^ 
The  principal  curvatures  of  the  rack  cutter  Zp  are: 

'  p  ) 

.  '  =  0;  the  principal  directions  of  z  are  the  same  as 

II  p 

Usinq  similar  derivations,  we  obtain 
( P  2 ) 


[ 

[ 


(P) 

n 

(P) 

n 


( P  2 ) 


{ P  2 ) 


(2) 

s  i  nX  p 


(2) 


sin0  cosX_, 
P  P 


(2) 

x  j  =  PpSinOp-  bp  -  r2  +  c 


(2) 

yf  =  -  ( P pCos6p -  bpcote  p)  sinXp 


(4.29) 


(4.30) 


(4.31) 


point 


of  ? 


(4.32) 

(4.33) 

(4. 34  ) 

(4.35) 

(4.36) 


34 


ppcos6pcos>p-  CQS-X  +  bpcotepsinAptanAp  +  r^tanAp 

(4.37) 


(P) 
v  ' 
_tr 


( 2 ) 


(4.38) 


(2) 


tr 


J2)  x  r<2)  +  C  x  co(2) 


~  -to 


(2) 


-x<f2>  +  c 


0 


(4.39) 


V(P2)  =  V(P)  _  v(2)  „ 
-1  -  tr  ~tr 


-  GJ 


(2) 


(ppcosep-  bpcotep)sinAp 


PpSin0p  -  bp 


(4.40) 


(P2)  .(P) 


il 


(2) 

<•>  P, 


r!hrVinV  (4-41) 


sinepy 


v  <p2 )  i<P>  = 

~  .  ill 


-,2'p, 


— T — 7-  sin6_cos  A  , 

s  in6j  P  p 


(i(P)=  i(F)) 

~ii  ill  ’ 


(4.42) 


(2) 
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(P)  (P2)  (P) 


n  co  l 


(P)  (P2)  (P)  m  b  sinA 

-  kt  (v  iT  )  =  co(2)— E-r  P 


ppsin6p 

(4.43) 


(2) 


32 


(P)  ( P  2 )  (P) 


n  Cl 


II 


(P)  (P2)  (P) 

Kn(^  •  in  > 


12) 


co  sin  0pcos  Ap 


(4.44) 


(2) 


<P)  (2)  (P) 

n  gj  v. 


•  tr 


(P)  (P)  (2) 


n  co  v 

~tr 


(  ( 2  )\ 

=  \  (o  /r0  sin  ^  (  4 . 45  ) 
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sinXpCOsXp 


\  **  m  HO) 


.  (^’)2-  UV) 

( {2))2 
W  I  a2 

.  (^))2+(^))2 


bPSlnXP\  .  2  2 

!HeJ  "  sin  epcos  ap 


bpsinA  \  2  2 

PpiinGp  J  +  sin  6Pcos  Xp 


(4.47) 


Here 


(2)] 

w  ;  A- 


(4.48) 


-  (pp  -  <4'49> 

The  principal  curvatures  and  directions  of  I2  are  determined  as 
follows 


tan2  a 


K<2).  k(2) 

I  +  KII 


.  (2)  (2) 
K  I  K  II 


-  1-  +  g(2) 

PP 

=  -  -L  +  s<2) 

pp 


cos  2o 


(4.50) 


(4.51) 


(4.52) 


Example  4.1:  Principal  Curvatures  and  Directions  of  Gear  Tooth 
Surfaces 

Given:  The  rack  parameters  Pp  =  0.7ln',Pp  =  0.775in‘(See 

Fig.  2.1  and  Fig.  2.2);  the  gear  parameters:  No.  of  teeth  N.  = 


12,  N  2  =  94;  lead  angle  Ap  =  Xp  =  75°;  nominal  pressure  angle 

O 

0  =  30°;  normal  diametral  pitch  P  =2; 

n 

(1)  Pinion:  By  using  equations  (4.5)  -  (4.31)  we  obtain 

Pil  =  1.70882,  F(1)=  -0.02549,  G(1)  =  -0.05648  ,  S  ( 1 }  =  -0.07608, 
principal  d  irection  a  =  0.98294°  (Fig.  5.1),  and  two  principal 
curvatures:  “1*49529,  =  -0.00936. 

(2)  Gear  2:  By  using  equations  (4.32)  -  (4.52),  we  obtain 

A2  =  11.98175,  F(2)  =  0.00429,  G(2)  =  0.01179,  S(2)=  0.01458, 
principal  direction  a^2^  =  -0.19237°  (See  Fig.  5.1),  and  two 
principal  curvatures:  k^2^  =  “1*27715,  k  0.00141. 

5.  Contacting  Ellipse 

The  tangent  plane  to  gear  tooth  surfaces  is  formed  by  axes  yt 

(F  ,  P )  (F  ,  P) 

and  z.  (Fiq.  5.1  a).  The  unit  vectors  i  and  i  represent 

t  ^  _i  -II 

the  principal  directions  of  surfaces  and  £p  of  the  rack 

(FI)  (P2)  (F , P) 

cutters.  Angles  a  and  o  ,  measured  counter-clockwise  from  i -j- 

determine  the  principal  directions  of  qear  tooth  surfaces  £,  and 

(1)  (2) 

respectively,  with  the  unit  vectors  i  and  i 

Consider  that  the  principal  curvatures  ,  k|2^ 

_  (PI) 

of  surfaces  I^and  l  ^  are  known.  Also  known  are  angles  o'  andol^^ 
We  may  then  determine  the  dimensions  of  the  axes  of  the 
contacting  ellipse  with  respect  to  the  elastic  approach  of  gear 
tooth  surfaces  and  the  orientation  of  the  contacting  ellipse  in 
the  tangent  plane  T.  The  equations  to  be  used  are  as  follows 
[5,6): 


B  =  -r 


4  [<z  <Z  *  (gi  ■  2gig2cos2o  +  g2  )  J 


(5.1) 


a  '  5 


b2=i  -• 


sin  2a  -  g^sin  2 o 


cos  2a  =  g^  -  g^  cos  2o 


Here : 


=  K  I 
(2) 


(1)  (1)  (2) 
I  +  K LI  i  KL 


(2) 

=  KI 


(2) 

+  KH  r  Ql 


(1) 

KII  * 


g  2  =  KI 


=  c<P2)-o(F1);  6  i; 


the  elastic  approach  of  gear  tooth  surfaces;a  and  b  are  the  axes 
of  the  contacting  el 1  ipse  and  a  is  the  angle  which  determines  the 
orientation  of  contacting  ellipse.  Angle  a  is  formed  by  the 
n  -  axis  and  unit  vector  i^  and  measured  counter-clockwise  from 
axis  n  to  i|D(Fig.  5.1  b)  .  Axes  n  and  £  are  directed  along  the 
b-  and  a-axis  of  the  contacting  ellipse.  The  magnitudes  of  a  and 
b  are  expressed  in  terms  of  the  elastic  approach  6  which  can  be 
obtained  from  experiments  or  calculated. 


Example  5.1:  Dimension  and  Orientation  of  Contacting  Ellipse 

The  nominal  rack  and  gear  parameters  are  the  same  as  given 

(Fl) 

in  Example  4.1.  In  Example  4.1,  we  found  o  =  0.98294°, 

c<?2)  =  -0.19237°;  the  two  principal  curvatures  for  pinion 

surface  Z^  are  k^=  1.49529  and  "0.00936,  and  two 

( 2 ) 

principal  curvatures  for  gear  surface  Z^  are  kjj  =  -1.27715  and 
( 2 ) 

tc  =  0.00141.  By  substituting  these  values  into  equation 
(5.1),  we  obtain  A  =  0.1110,  B  =  0.0035,  a  =  3.0026, 
b  =  16.91586  and  a  =  82.9392°. 


A  S*  '-"'•V*  V-  ““  4*. 
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6  Velocity  of  Motion  of  the  Contacting  Ellipse  Over  Gear 
Tooth  Surface 

The  velocity  of  motion  of  the  symmetry  center  of  the 
contacting  ellipse  over  surface  E,  is  represented  by  the 
following  equations  [5,6]: 


Here ; 


‘11 


22 


31 


32 


+  a12x2  = 

bl 

+  a22x2  = 

b2 

+  a32x2  = 

b3 

.(1)  .  1, 
-<I  +  j(K 

(2) 

E 

+  g2cos2o ) ; 

a21=Jsg2sin2o 

-<(1)  +  I 

II  2 

g2cos2o) 

[n(1)yi2) 

ii1{l 

if1*) 

[n(1)w<12) 

iiY] 

-  Kn)‘Y(12)* 

i(1)) 

in  1 

[n  (1)  w(12) 

il1’] 

-  i(v<12>.  g2cos2o, 

"  i<y(12)- 

iui 

in 

1  g2sin2o 

[n(1>o(12) 

i(U- 

~II 

|-  f<y<12!  i'1’ 

) g2sin2o 

(6.1) 


-  ^(v112.1  i(1)MK£2>-  g2cos2a) 


=  [0<1\<2»  y']1] 


Ytr*] 


,(2)=  k(2)  k (2)  _  <  (2)_  K  (2) 

E  I  II  '  g2  I  II 


X1  =  Yr 


(1) 


,  .  v  _  V(D  .  4  (1) 

il  '  x2  Yr  ill 


(1) 


■  i  - 


K-j^and  (i  =  1,2)  are  the  principal  curvatures  of  surface 

:  is  the  angle  formed  by  the  unit  vectors  ij^  and  i.[2^ 


sM 
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to  iT  ( Fig .  5.1  a)  ; 


and  measured  counter-clockwise  from  ij^  to  i (Fig.  5.1  a] 

.  (1)  ^  •  (2)  _  .  .  .  ..  fc.  c  .  r 
l j  and  l j  represent  the  principal  directions  of  surfaces  ^ 


and  I2 .  n  is  the  unit  normal  to  the  contacting  surfaces 

represented  in  the  coordinate  system  by  equations  (1.2); 

(2)  (12) 

and  ^  are  the  angular  velocities  of  gear  1  and  2,  u>  = 

u(1)  -  cl  ^  is  the  transfer  velocity  of  the  contacting 

ellipse  in  the  transfer  motion,  with  gear  i  (i  =  1,2).  Here:  vi 

(1)  (1)  (2)  (2)  (1)  (2)  .  (1)  . 

-  u,  xrf  ;  v  hr.  =  cl  x  r  f  +  c  x  os  where  r  f  is  the 


position  vector  of  the  point  contact  represented  by  equations  (4.17) 
(4.19);  c  =  (r  +  r  )  i;  v^12^  =  v^  -  v is  the  sliding 

1  2  —UX  —  UX 


-  is  the  sliding 


velocity.  Considering  the  coordinate  system  Sp  ,  we  have 


pFsin0F  "  bF  +  rl 
-(ppCosQp-  bFcot  6p)  sin  Xp 

aF 

p„cos  0„cos  X_,  -  - t —  +  b_cot0„  tanX„s  inX  _  +  r.  $,tanL 

F  F  F  COSAn  F  F  F  F  11  1 

(6.2) 

.(1,k  (6.3) 


(2)  (2) 


]  (xj  k  t  gj  k 

r2  J  21^ 


(6.4) 


(1)  (1)  (1)  (i) 

v  =  o  xr  =co 

~  tr(  f )  ~  ~f 


(6.5) 


(2)  (2)  (1)  (2) 

vfr  =  u>  x  r  .p  +  Cxw 

~  tr  ( f )  ~  -f 


",  %  •„  •„ 


j*  V*  *■*  */•  V  V  v*  ^  w*  V  s  «r  1 


y f  (1  +  m21) 


=  1C 


(1) 


(1  +  n^].)  +  m21C 


a  £2).  JU 


-  J2)  =  J 1) 
f 


- (1  +  m21 ) 


(6.7) 


(6.8) 


n 


(1) 


sin6, 


-cos6pSinXF 
cos6p  cosXp 


(6.9) 


Using  coordinate  transformation,  we  can  transform  a,  ^ 

(1)  (2)  (12)  (12)  ,  (1)  ,  ..  . 

v'  ,  v'  ,  vf  ,  cjf  ,  and  n  from  coordinate  system 

~tr(f)  ~tr(f)  ~r  ~r 

to  Sg  by  using  Fig.  2.3,  Fig.  3.1,  Fig.  4.1  c  and  Fig.  6.1 
We  obtain: 


[Lqf]  -  [Lqt][Lta]  [lac][lcf] 


sineF  — sinXp  cos0F  co*ef  cM*F 

cos^p-cos"  ,F’11  Ein6fcosa  ,F' 11  6in>F  +  sino  (F' 1  >  cosXf  -sineFcoso<F,1(;osAF+sino(F,1iinAF 
-coseFsinc  ,F,1)  -sin6Fsinc  (F' 1  *  sinXF  +  coso  ,F' 1  'cos^  sineFsino,F'1tosAr+coso  (F,1iinAF 


(6.10) 


42 


%  *.  /.  --  •.  */  V  • 


-U,'  '  -sineFcos  o'  '  'cosXp  +  sxno  sinAp 

sin0pSi.no  ^F '  ^  cosXp  +  cosc ^F ' * ^ sinXp 


(6.11) 


-  [^2>J 


cosBpCOsXp 


d)  -sin0fIcoso  *F' 1  *  cosXF  +  sina  *F ' 1 '  sinXp 

/p  1  V  ip  1  ) 

sinGpSino'  '  'cosXp  +  cosa'  '  sinXp 


(6.12) 


*&,>  -  [v]  [»&«.] 


y p1 ^  sin0p  +  Xp1’ sinXpCOS0p 


y^1,coseFcosa<F,1)-xfp>jsin6pCOSO(F'1)  sinXp  +  sina  ,F'  1)cosXp] 

-y^'cosepSino  (F' X> -x(p)j-sinepsin0  <F' X>  sinXF  +  cosa  (F ' 1  *  oosXj 


'tr(q) 


■  MK’m] 


-yf(1)sin0p  -  (Xp1J-  c)sinXpCOs6p 

(1)  -y‘1)cos0pCOSO(F'1)+  (xf1]-  c) |sin0pCOSo(F,1)sinXp  +  sino (F ' 1 ] cosXp| 
y^X)  cos6pSino  (F' U+  Up1’-  c)  j-sinSpSino  (F' 1]  sinXp+  coso  (F ' 1  *  cosXp} 


(6.14) 


^12’  -  MN12’] 

(1  +  m21) sin6p  -  +  m21  )  +m21c|  sinXpCos6p 

(1  +  m2  ^ )  cosSpeosa  ^F,'''^+ |-x  ^  ( 1  +  m2  p )  +  raopc|(sin0pcoso^  '  'sinXp+sino  tosXp) 
(1  +  n2p  )  cosOpSina  ^F< |-x  p^  ( 1  +  m2p )  +  m2  ^c|(-sinQpSino*  '  'sinXp+cosa  cosXp) 


(6.15) 


WWW 


(1  +  m  2  ^ ) cos0pCosAF 

(F  1)  (F  1) 

(1  +  m-T )  (-sine^coso'  '  cosA „  +  sine  '  sinA^ 

Z  1  r  r  r 

(F,  1)  (F ,  1 )  . 

(1  +  m21 )  (  s in8pS ino  cosAp  +  coso  sinAp) 


(6.16) 


MH11] 


=  o 


(6.17) 


Also,  we  may  represent  the  unit  vectors  i|^  and  the  PrinciPal 

directions  of  surface  I  in  coordinate  system  S  as  follows:  (Fig.  6.1b) 

1  ^3 


(6.18) 


(6.19) 


fn(l)  (12)  .(1)1  (1).  ,  (12)  .(1)  ,  =  ( 

n  (u  ij  I-  n  Mjii  x  '  wz 


=  w(1)(l  +  ni-.  )  (sine^sincr  (F,1)cosA  +  cosa  (F,1)sinA  * 


(6.20) 


[n(1)  J12)  i<  ^  n(1>(,(12)x^')  = 


=  -o^1^(l  +  m,,. )  (-sinO^coso  ^F,^cosA  +  sino  ^F,1*sinA  ) 


(6.21) 


s  ;y„- 

■r.YVVV 


[^V  lj  J=  -  j  [-xf  ( 1  +  m21)  +  m21c)  ( sincFcoso'  '  ' sin XF  +  sine1  '  cosXpJ 


+  ^  )  cos  e^cos  '  *  *  | 


(6.22) 


[v112.’  J11!  1-xiMl 


+  m21*  +  m2 1  CH -sin6Fsinc(F'  1kinXI,  +  cosc(F'  1tos>.c,  ] 


y ^ 1  ^  (  1  +  1  )  cos6pSi.no  1  *  f 


(6.23) 


b‘V2,4;’]  =  £*•  <42,*4;iv 

=  m21(  J1])  2  [-y^1  ’  cos6Fsin>F  +  x^1)sin6F] 

(6. 

fnd)  (Dv(2)l=  n  •  (  _(1)x  v<2>  ) 

L-  ~  ~tr  J  ~q  ~q  ~  tr  (q  *  ' 

=  m2i  (-( 1  2  [“Yf1 '  cos6Fsin>  p  +  (x^1*-  c)sin6F] 


(6.24) 


(6.25) 


An  easier  method  of  deriving  equations  (6.20)  -  (6.25)  is  to 
consider  the  tangent  plane  in  Fic.  4.1a  and  the  two  unit 
vectors  i  and  i ^  along  the  two  principal  directions  of  gear 
sur face  I  ^  . 

The  projections  of  i^and  i  ^  along  axis  Xfc  ,  Yt  and  Z  t  are 
expressed  as: 


(F,  1) 

(F,  1) 


(6.26) 


(F,  1) 
(F ,  1 ) 


(6.27) 


using  the  matrix  transformation  of  direction  cosines  in  transition 
from  St  to  Sf  (Fig.  4.1  c) ,  we  obtain 


sine. 


cos  0, 


■cos6psinXp  sin6pSinXp  cos  Xp 
cos  6pcos  Xp  -sin  6pcos  Xp  sinXp 


(6.28) 


cos  o 


s  i  n  o 


(F,  1) 

(F ,  1 ) 


cos  ep  cos  c 


( F  ,  1 ) 


(F, 1)  A  (F, 1 ) 

sin  C'rSmApCosc  +  cos  )  sino 

.  (F, 1)  .  (F, 1) 

s l n  Opvcos  XpS  l n  o  +  sinApcosO 


(6.29) 


=  [Lft] 


-sin  c 


coso 


(F,  1) 

( F  ,  1 ) 


-  .  ( F  ,  1 ) 

-  cns  ‘jp  s  l  n  o 

(F,  1 ) 

(F,  1) 

-sinijpSinXpSinc  + 

COS  Ap  cos  c 

(F,  1 ) 

(F,  1  ) 

s  l  n  ‘jp  cos  Xp  s  l  n  c  + 

s i n  * p cos  o 

(6.30) 
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i«Cw 

Jl 


where:  c  = 


rl  +  r2  i 


IM  ]  \r{F)  } 

f  c  c 


(6.32) 


y(F) 

c 


PFsin0F-  bp  +  rx 

-(PFcos0p-  bFcot0F  )  s  inXp 

aF 

PpCOsepCosXp  -  +  b  F  cot6F  tanXp  sinXp  +  r-^tanXp 

(6.33)  ' 


(2)  _  (2), 


=  m  (jj  (  1 )  k 
21 


(6.34) 


where:  m. 


W(1)x  rJD 


( p  cose  -  b  cote  ) s i nX 

F  F  F  F  r 

P^sin6_-  b  „  +  r  . 

F  F  F  1 


(6.35) 


(2)x  c  x  ,<2) 


(6.36) 
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(1) 


(1  + 


n21) Vf  ' 


m21C  ~  (1 


m  )x(1) 
21>xf 


(D_  (2) 

•X/  (>_» 


(1) 


0 

0 


-  ( 1 


m21)  J 


Kc]  K”] 

1  0  o 

o  i  n 
o  o  i 

m  _ 


Sin0F 

-cos0^  s  in  Ap 

cosOpCosAp 


sin6F 
cos  6^ s i n A 

F  F 


(6.37 


(6.38) 


(6.39) 


COS  e  cos ) 


mjww  »*  "ji">  11  ji  p  u  "j  "  ir"  v  -  it  ■  v*  v»  V*  ■  is  ■  v  ■  c^rr*  'J*  rw^'T'^wivvivi  ^tvw*s"'  ’X" 


(1)  (12)  (Id  (1)  (12)  (1) 

n  c-~  i  j  =  n  .  (  u.<  X1i  ’ 

=  <u^^(l  +  m  2  ^ )  [  s  in  X^cos  o^F' s  i  n  O^cosA  i  n  a  (6.40) 


r  (i)  d2)  an  a)  (i2)  a) 

1_0  't  in  J  0  .  '  fe  X~II 


(1) 


(F  1) 

(1  +  m « . ) (-s inA_coso  '  +  s in6  cos A^coso 

z  l  r  r  F 


(F,  1) 


(6.41) 


v  ( 1.2  >  i  j  1 )  =  C.  Yf1^  (1  +  m21 )  cos6fcoso  (F,1)+  [m^c-x^d  +  m^)] 


21 


(  s  in0  _,s  inA„cosa  +  cosA  i  no  ^F' I 


(6.42) 


vd2)  (1) 

~  *  ill 


.^{-y^^d  +  m21)cos3Fsino*F,1*  +  [m21c  -  ^  (  1  +  m 


,(F,1) 


(cosGpCoso  '  -  s  in  8pS  in  A^,s  in  o 


,(Fd),} 


f  '*  "'21 

(6.43) 


(1)  (2)  (1)] 

n  u.  v, 

-tr 


n(1!(,l2,x  ,£»  ) 


sineF 

-cos6rsinA, 


cose F  cos  x  F 


(1), 


kf 


0 


(1)  „<1> 


o  ”2fU) 


cJ  y 


.^x^  o 


(.'*')  m21[sin6Fxf 


(1) 


cos0Fsin  Apy^1)  ]  (6.44) 


(1)  (1)  (2) 


tr 


n(1)  (,(1>x  v<2>) 

-tr 


s  in  6 


-cos  Osin  X„ 
F  F 


cos  6ncos A^ 
F  F 

■  (J1? 


2f 


0 


0 


-f 

-  ,  (1) 


1  21(  x^1  J  -c)  0 


m . 


21  [sin  0F(  x^1  >  -  c  )-cos  0^  in  Ap  y^1 '  ] 

(6.45) 

Comparing  the  expressions  in  equations  (6.20)  -  (6.25)  and  (6.40) 

-  (6.45)  we  obtained  the  same  results.  Substituting  these 
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Equations  (6.1)  represent  a  system  of  three 


b  j i  b  2  and  b  ^ . 


linear  equations  with  two  unknowns: 


x,  =  v 
1  ~r 


(1) 


.  id) 

1  T  ' 


x  «  vd).i(l) 
2  -r  ~II 


(6.46) 


(D, 


where  v  ^  is  the  velocity  of  motion  over  the  qear  tooth  surface 


These  equations  provide  a  unique  solution  for  and  x^  if  the 


following  condition  is  observed  [5,6]: 


a . 

a . 

a . 


11 

3 1 2 

bl 

21 

a22 

b2 

=  0 

(6.47) 

31 

a32 

b3 

It  is  assumed  that  surfaces  and  are  in  point  contact  at 
every  instant.  Using  any  two  equations  of  the  system  equations 
(6.1)  we  may  determine  x^  and  x  ^  and  thus  v^^  =  ( x^+  x^^ 


An  alternative  method  of  deriving  the  relative  velocity  v|^ 
at  the  point  of  contact  M  is: 


~r 


Step  1  The  point  of  contact  of  surface  and  on  a 

straiqht  line  which  passes  through  the  following 
equa t ions  : 


(1) 

xf 

(1) 

Vf 

(1) 


^5  i n6p  -  bp  +  r ^ 


-  (  P  pCosGp  -  b  pCotSp  )  s  i  n  Xp 
aF 

PpC0s9pC0SAp  -  — -sX-  +  bpCGt  Sptan  ApSinAp  +  r^tanAp 

F 


(6.48) 
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6  =  30°  is  the  pressure  angle  at  the  point  of  con- 


Here  ,  6p  =  6p  = 
tact  of  surface  and  2^ 


Step  2  The  transfer  velocity  v.^  of  a  point  on  gear  1  is: 


-vtr' 


(1) 


-x 


(1) 

f 

(1) 


(6.49) 


Step  3  The  direction  of  absolute  velocity  V  ^  of  point  M  of 
gear  1  is  parallel  to  the  axes  of  gear  rotation 
Hence 


^abs 


dz 


(1) 


dt 


de. 


bp  d0p  d^: 

=  (- ppSinBp  cosAp - —  tanApSinAp)  +  (rjtar.Ap) 

sin^6 

(6.50) 


Here  : 


dt 


dh  (1) 

0  and^p  =  a>  . 


Therefore,  we  have: 


v(l> 

~abs 


0 

0 

Lr  1^(1)tanXF 


(6.51) 


(1). 


Step  4  The  relative  velocity  v^  of  point  M  of  gear  1  is: 
(v(1)  is  tangent  to  the  helix  of  gear  1) 


~  LI 

vd) 


_  L 


_  au 5 


v(l)  -  v, 
_abs  ^tr 


(1) 


(1) 


-y 


i)  1 

f 

(i) 


l^r  ^tan  Xp 


(6.52) 


(2) 

The  velocity  v  of  the  motion  over  surface 12  maY  be  determined  by 
using  the  following  equations  [5]: 


+ 


+ 


(6.53) 


Equation  (6.53)  yields 


+ 


(6.54) 


( 2 ) 

where  v^  '  is  the  relative  velocity  of  the  contact  point  M  of  gear 
(12) 

2;  v'  is  the  sliding  velocity  expressed  in  equation  (6.7). 


Example  6.1:  Relative  Velocity  of  Motion  of  the  Contacting 
Ellipse  Over  the  Gear  Tooth  Surface 

The  rack  cutter  and  gear  nominal  parameters  are  the  same 
as  given  in  Example  4.1. 

(1)  We  may  determine  the  relative  velocity  in  the  motion  of 
the  contacting  ellipse  over  the  gear  tooth  surface  by  using 
equations  (6.1)  -  (6.46).  Then  we  obtain  and  X2,  thus 

Vr1>=  (X1  +  X2,i5  =  12  -  06574  w<1) 
and  o  =  16.1479°  is  the  angle  formed  by  V^^and  axis 
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(2)  By  using  equations  (6.48) 
obtain 


9 


we 


-  (6.52)  to  solve 

_  r 


Yr1)=  Yibs  ~  Ytr1  =  12-06706  ^(1) 

(3)  From  equation  (6.54),  we  have 
V^2)=  11.99259  w(1) 

and  6  =  14.8674°  is  the  angle  formed  by  V^^and  axis  Z^2^  . 

Note:  Due  to  a  lot  of  computational  procedures  and  matrix 
transformation  for  approach  (1),  there  is  a  small  difference 
between  the  approaches  (1)  and  (2),  and  approach  (2)  is  better 
than  approach  (1). 

7  Computer  Aided  Simulation  of  Conditions  of  Meshing 

Vie  simulated  the  conditions  of  meshing  of  gears,  which  have 
some  errors,  using  the  equations  of  continuous  tancency  of  gear  tooth 
surfaces.  We  set  up  four  coordinate  systems:  Sg  and  S2,  rapidly 
connected  to  the  gears  and  and  Sf,  rigidly  connected  to  the 
frames.  By  using  the  coordinate  transformations  from  Sf  via  Sh 
to  Sp,  we  may  represent  the  equations  of  the  surfaces  If(i  = 

1,2)  and  its  surface  normal  in  coordinate  system  Sf. 

The  conditions  of  continuous  tangency  of  gear  tooth  surfaces 
Z i  and  Z2  are  represented  by  the  following  equations  [5,6] : 

r^:)  (6F,  $lf  pj)  =  r{f2)  (9  ,  <p2,  y2)  (7.1) 

nf 1  *  (6p,  px)  =  n^2)  (6  ,  u2'/  (7.2) 
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Equation  (7.1)  expresses  that  surfaces  £}  and  E2  have  a  common 
point  determined  with  the  position  vectors  r ^ ^ and  r^^  . 

Equation  (7.2)  indicates  that  surfaces  £^  and  £2  have  a  common  unit 
normal  at  their  common  point.  Equations  (7.1)  and  (7.2)  when 
considered  simultaneously  yield  a  system  of  only  five  independent 


equations,  since 


r  cl) 

(2) 

Df 

=  1.  These  five  equations 


relate  six  unknowns: 
unknowns  may  be  considered  as  a  variable. 


0p,  8p'  $2'  ^2'  anci  hhus  one  of  these 


8  Influence  of  Manufacturing  and  Assembly  Errors,  and  Adjustment 
of  Gears  to  the  Errors 

( i ) Change  of  Axes  Distance 

Fig.  8.1a  and  Fig.  8.1b  show  that  the  operating  center 
distance  C'  is  not  equal  to  the  sum  of  the  radic  of  pitch 
cylinders  in  this  case;  Thus  C'  ^  +  r2-  Considering  the  gear 

tooth  surface  and  its  unit  normal  nj ,  and  gear  tooth  surface  I2 
and  its  unit  normal  n2  are  represented  in  the  coordinate  systems 
Sj  and  S  2 ,  respectively.  We  may  represent  E  i  and  n^^  (i  =  1,2)  in 
the  coordinate  system  Sf  using  the  following  matrix  equations: 


m  -how 


(E.l) 


where  ( Fig .  8.1): 


cos  sini^  0  0 

-sin  cos  $  J  0  0 

0  0  10 


0 


0 


0 


1 


cos^  -sin^  0 
sin<f>j  cos  ^  0 

0  0  1 

0  0  0 


C  ' 


0 

0 

1 


COS(fJ 

-si  n<^ 
0 


s  in<f£  0 

coS(f|  0 

0  1 


cos^  —sin  0 

sin$,J  cos^  0 
0  0  1 


(8.2) 


£  £  and  4;^  are  the  angles  of  rotation  of  the  gear  in  mesh  with 
the  mating  gear,  while  <j>^  and  <j>  are  the  angles  of  rotation  of  gear 
1  and  gear  2  in  mesh  with  the  corresponding  rack  cutter. 

Using  equations  (8.1),  (8.2)  or  (1.9)  -  (1.14)  and  (7.1), 
(7.2)  yield  the  following  procedure  for  computations: 

Step  1:  Using  equations  n^J  =  n^j  ,  we  obtain 
-  zf  z  f 


COSG^COSX^ 
F  F 


cos0pCOSAp 


(8.3) 


Equation  (8.3)  withAp  =  Ap  =  A  yields  that 

eF  =  ep  =  e  v8.4) 

e„  o  „  •  „•  U>  (2)  (1)  (2)  (1)  (2) 

Step  2:  Using  equations  n^  =  n^  ,  =  y^  and  =  x  ^  , 

we  obtain  the  following  system  of  three  equations  in  three 

unknowns  (  0  ,  y^  and  1^2  )  " 

sinGsiny^  -  cose s i nA cosy ^ =  -sinGsiny^-  cos8sin Acosy^  (8.5) 

(p  sine  -  b  )  (sinQsiny^-  cos0s inAcosy  )  +  r^sinGsiny^  = 

-  (p.-.sin0  -  bh  )  (sinGsiny  +  cosBsinAcosy  )  +  r  sinGsiny  (8.6) 

-  1  2  2  2  2 

(p  sine  -  b  )  (sin0cosy1+  cos  6s  in  As  i  n  y,  )  +  r.,  sinGcosy..  = 
p  F  1  111 

(ppSine  ~  bp)  (sin0cosy2  -  cos 0s i n As i ny ^  -  r2sin0cosy2  + 

C ' sin9  (8.7) 

here:  C'  =  rp  +  ^  an<^  AC  t^ie  change  °f  center  distance. 

The  solution  to  these  equations  for  6  ,  yp and  y2Provides  con¬ 
stant  values  whose  magnitude  depends  on  the  operating  center  dis¬ 
tance  C'  only  (the  change  of  the  center  distance,  AC).  The  loca¬ 
tion  of  the  center  of  the  contacting  ellipse  is  detemined  by  0 (AC) 
Thus,  the  bearing  contact  also  depends  on  AC. 

We  may  check  up  the  solution  to  equations  (8.5),  (8.6)  and 
(8.7)  using  the  equation  n^  =  n^  which  yields 

sinecosy^  +  cosesinAsiny^  =  sinecosy2~  cosQsinAsin^ 


Knowing  0  ,  we  may  determine  the  relation  between  para- 


meters  4^  and  42usin<3  equation  z'^  =  zy'  which  yields 


p_cos0cosA - r — +  b  cot  6 tan As i n A  +  r,<t,tanA 

F  cosA  F  11 


p  cos  0cos  A - r — +  b  eotOtanA  sin  A  +  r„d>_tanA 

P  cosA  P  22 


(8.9) 


Equation  (8.9)  provides  a  linear  function  which  relates  4^ and  <p^ 
since  6  is  constant. 

Step  4:  It  is  easy  to  prove  that  since  0  ,  y  ^  and  have  constant 

:lues,the  angular  velocity  ratio  for  the  gears  does  not  depend  on 

the  center d istance .  The  proof  is  based  on  the  following 

considerations:  (i)  Equation  (8.9)  with  6  =  const  yields  that 

d<J>i  ro 

r1d4>1  =  r0d4s  and^rTT=  —  '  (ii)  Since  y,=  4,-  4; and  y0  =  4,  - 


2  y2 


p^  are  constant,  we  obtain  that  d  cj;^  =  d^,  d  <P2  =  d<)>2/and 


(8.1O) 


Step  5:  It  is  evident  that  since  0  ,  y^  and  y^have  constant 
values,  the  line  of  action  of  the  gear  tooth  surfaces  represents, 
in  the  fixed  coordinate  system  S  ,  a  straight  line  which  is 
parallel  to  the  -  axis.  We  may  determine  the  coordinates  x^^ 
and  y^x) (i  =  1,2)  of  the  line  of  action  using  equations  (1.9)  or 
(I.12)(see  Appendix  I).  The  location  of  the  instantaneous  point 
of  contact  on  the  line  of  action  may  be  represented  as  a  function 


/  '  *"*«  V*  •**  *•*' 


swiwww 


2^  =  Pp£OS0COS  A 


+  bpCotetanAsinA  +  r^fy^  +  4j)tan> 


F 

cosA 


(8.11) 


Step  6:  We  may  also  derive  an  approximate  equation  which  relates 
6  and  the  change  of  the  center-distance,  AC.  Since  y^  and  U2  are 
small,  we  assume  cosyy  =  1  and  sinyj_  =  0  in  equation  (8.7).  We 
then  obtain 


cFsine  -  bp  +  r1  =  ppsin9  -  bp  -  r2  +  C  ’ 


where  C'  =  r^  +  r^  +  AC 


(8.12) 


Equation  (8.12)  yields 


sine  = 


AC  +  bp  -  bp 
PF  ”  PP 


(8.13) 


The  nominal  value  of  0°  which  corresponds  to  the  theoretical 
value  of  the  center  distance  C,  where  C  =  r -^  +  r2,  is  given  by 


sin6°  = 


bF  -  bP 
PF  -  PP 


(8.14) 


Compensation  for  the  Location  of  Bearing  Contact  Induced  by  AC 
The  sensitivity  of  the  gears  to  the  change  of  center 
distance,  AC,  may  be  reduced  by  increasing  the  difference  pp  -  pp 
However,  this  results  in  the  increase  of  contacting  stresses. 

The  dislocation  of  the  bearing  contact  may  be  compensated 
for  by  refinishing  of  one  of  the  gears  (preferably  the  pinion) 


>  ■ 


with  new  tool  settinqs. 

Consider  that  v°  is  the  nominal  value  for  the  pressure 

anqle;  bp  and  b°  are  the  nominal  value's  for  the  machine  settinqs 

and  .  °  °  a  r  e  the  nominal  values  for  the  radii  of  circular  arcs. 
F  P 

These  parameters  are  related  bv  equation  (8.141.  The  location  of 
the  bearing  contact  won't  be  changed  if  the  pinion  is  refinished 
with  a  new  tool  setting  bp  determined  as  follows  (see  equation 
(8.13): 


s  i  n  0  ° 


1C  + 


F 


r-  O 

ep 


(8.15) 


bp  =  b°  -  1C  (8.16) 

Change  of  Machine-Tool  Settings  bP  and  bp 

The  change  of  machine-tool  settinqs  bp  and  bp  causes:  (i) 
the  change  of  gear  tooth  thickness  and  backlash  between  the 
mating  teeth,  and  (ii)  the  dislocation  of  the  bearing  contact. 

The  most  dangerous  result  is  the  dislocation  of  the  bearing 
contact . 

Using  similar  principles  of  investigation,  we  may  represent 
the  new  value  of  the  pressure  angle  which  corresponds  to  the 
changed  machine-tool  settings  by  using  the  following  equation 

bF~  bP  (8.17) 

sin-  =  —5 - — 

‘  F  ‘  P 
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Here:  bp  and  bp  are  the  changed  settings;  bp  =/  b°  ,  bp  i  b°  , 

where  b°  and  b°  are  the  nominal  mach ine- sett i ngs ;  G  4  6° is  the 

F  P 

new  pressure  angle. 

We  may  compensate  for  the  dislocation  of  the  hearing  contact 
making  "  =  i 0 .  This  can  be  achieved  by  refinishing  of  the  pinion 
with  a  corrected  setting  ibp.  Similar  to  equation  (H.15)  we 
obtain 


sini 


(8.18) 


(n)  Misalignment  of  Crossed  Axes  of  Gear  Rotation 

Consider  that  the  axis  of  rotation  of  gear  1  is  not  parallel  to 
the  axis  of  rotation  of  gear  2  and  form  an  angle  Ay  (Fig.  8.2).  The 
coordinate  transformation  from  to  Sf  is  represented  by  the 
matrix  equations 


K1; 

1  ■["«*] 

r  d)i 

Lrh  J- 

II 

1 - 1 

4-^ 

c 

1 _ 1 

MK!] 

(8.19) 

where  : 

i 

0 

0 

0 

l 

0 

C 

= 

0 

cos  Ay 

s  i  n  Ay 

0 

:  [LfR? 

0 

cosAY 

sinAY 

0 

-s in  Ay 

cos  Ay 

n 

0 

-sinA^i 

cosAy 

1  0 

0 

n 

l 

Using  equations  (8.19),  (1.9)— (1.12)  and  (7.1),  (7.2),  we  may 
represent  the  tangency  of  surfaces  i.  and  £„for  crossed  misaligned 


q  ears  as  fol lows : 


A  2<^os  ^2  “  B2Sinp2  +  C  =  A^cosy^  +  B-^siny^ 


(8.20) 


A  2  s  l  n  i-  *  2 
( .  FcosC-rc°s 


B  2COS  U  2  = 
F  cosAp 


(A^siny^  ”  B  pcosy  p)  cos  Ay  + 
bpCOtOptanApS in AF  +  ptanAp)  sinAy 


(8.21) 


(see  expressions  (  1 .  1 1 )  and  (1.14)  in  Appendix  I) 

aF 

Pp cos  c pcos/.p  —  •^v-+  bpcot6psinAptanAp  +  r2$2tanAp  = 

P  3  p 

-(A.siny.  -  B,  cos  p.  )  sinAy  +  (p_  cosG^cosA  -  - f-  + 

1111  r  F  F  CO  S  A 

F 

bpCotOptanApSin  Ap  +  r  ^  ptan  A  )  cos  Ay  (8.22) 

sine  cosy.-  cos  0  s in A  s i ny  .  =  sin8  cosy  +  cos  6  s inA siny  (8.23) 
r  Z  F  r  Z  r  1  r  F  1 

-sinO  siny_-  cos6  sinA  cosy,=  (sin6  siny  -  cos6_s inA cosy  ) 
cos  Ay  + cosGpCos ApS in  Ay  (8.24) 

cost'pCos^=  -  (  sinBpSiny^-  cos6pS i nApCosy  p  )  s i nAy  + 
cose  cos ApCOsAy  (8.25) 


Equations  (8.20)  -  (8.25)  form  a  svstem  of  five  independent 
equations  in  six  unknowns:  6p,  6p,  p  ^  ,  yi  2  » $  p and  <p  .  We  remind 

that  only  two  equations  from  equation  system  (8.23)  -(8.25)  are 
independent  since  n^^  =  1  and  n  ^  ^  =  1. 

The  computational  procedure  is  as  follows:  ( i)  We  consider 
equations  (8.20),  (8.21),  (8.24)  and  (8.25)  which  form  a  system 
of  4  equations  in  five  unknowns:  Op  ,  ep  ,  y^  ,  y2  and  4  p*  Fixinq  in 
we  may  obtain  the  solutions  bv  6p($p),  6p(  $  p)  ,  y  p(  <£ ,  )  and  y  ( <p  )  ; 

(ii)  Using  equation  (8.22)  we  obtain  $  <p  )  ;  (iii)  Then,  using 


the  equations 


we  can  obtain  the  relation  between  the  angles  <p and  of  gear 
rotation.  Function  <f,^(  <f  ^  )  is  a  non-linear  function  and  its 
deviation  from  the  linear  function  is  given  by 


2  U  i )  v  2  <  $  i  ) 


-Nj 


(8.27) 


Here:  (  t  ■[)  represents  the  kinematical  errors  of  the  gear 

train  and  6j.  ($|)  and  6 p  (  tf. ^ )  represent  the  change  of  location  of 
the  bearing  contact  induced  by  the  misalignment  of  gear  axes. 


(ill)  Misalignment  of  Intersected  Axes  of  Gear  Rotation 

In  the  case  of  intersected  axes  of  gear  rotation,  two  axes 
form  an  angle  (Fig.  8.3).  The  coordinate  transformation  from 

S  ^  to  S f  is  represented  by  the  matrix  eguations: 


-Wh!1’]'  N'l-WK11] 


(8.28) 
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^  sin^y  0  cosAy  J 

using  equations  (8.28),  (1.9)  -  (1.12)  and  (7.1),  (7.2),  we  may 
represent  the  tangency  of  surface  E^  and E 2  for  intersected 
misaligned  gear  axes  as  follows: 


.2COSU,-B2sinp2+c  =  ( A  ^cos  U^+  R^sinh^)  cos  Ay  - 


F 

(p^  cos  6  cos  A - - — +  b„cot 6„tan A_sinA  +  r .  tan  A_)  s  in  Ay  (8.29) 

F  F  F  cosAp  F  F  F  F  1  1  F 


-A2sinp2  ~  F^cosp^  =  A^sinp^-  Bj  cospj 


(8 . 30) 


cos6ncosAn  - 


"P  cosAp 


+  bpCot  6pS i n  Aptan  Ap  +  r2<ti2tan^p  = 


F 

(  A,cosp.+  B,sinp,)sin  Ay  +  (  pncos6„cosA_ - r—  +  b^cot O^tan A_ 

1111  F  F  F  cosAp  F  F  F 


sinA_  +  r  .  tan  A  _)  cos  Ay 
F  11  F 


(8.31) 


sinepcosp2_  cosGpSin  Apsiny2  =  (  s  in  6pCOS  y  cosOpSin  ApSiny^) 


cos  Ay  -  cos  0rcos A„sinAy 
r  r 


(8.32) 


-sin0psiny2-  cos  6ps  in  Apcosy  2  =  sinOpSiny.^  -  cos  6pS  in  ApCos  y  ^  (8.33) 


^  P>p  i.  I  1  H  2  V  pO  i  I  I  /V  pV. 

cos8„cosAn=  (sinGpCosy^  +  cos 8pS in Aps in y 1 ) s in Ay+ cosOpCcs A  cosAy 

(8.34) 


Equations  (8.29)  -  (8.34)  form  a  system  of  five  independent 
equations  in  six  unknowns:  9  ,  0p  ,  y^  ,  and  $2  •  Only 

two  equations  from  equation  svstem  (8.32)  -  (8.34)  are 
independent.  The  computational  procedure  is  the  same  as  we 
discussed  before. 


Compensation  for  the  Location  of  Bearing  Contact  Induced  by  the 


Gear  Misalignment 


The  dislocation  of  the  bearing  contact  induced  by 


misalignment  of  the  axes  of  gear  rotation  may  be  compensated  for 
by  the  change  of  the  lead  angle  Ap(or  Ap) .  This  can  be  done 
technologically  by  refinishing  of  the  pinion. 

Example  8.1:  The  Influence  of  Change  of  Axes  Distance 

Given:  the  rack  parameters  (see  Fig.  2.1  and  Fig.  2.2);  th 

gear  parameters:  No.  of  teeth  =  12,  N2  =  94;  lead  angle  Ap  = 
=  75°  nominal  pressure  angle  e°=  30°;  normal  diametral  pitch 
2;  nominal  axes  d  istance  C= 27 . 43482  in.;change  of  axes  distance 
AC  =  0.021  in.  Due  to  the  change  of  axes  distance  the  new  value 
of  the  pressure  angle  6  is:  (i)  6  =  12.82082°  (exact  solution 
provided  by  equation  system  (8.5)  -  (8.7));  (ii)  6  =  12.70903  ° 
(approximate  solution  provided  by  equation  (8.13)) 

The  compensation  for  the  dislocation  of  bearing  contact  is 
achieved  by  the  new  machine  setting  bp  =  bp  -0.021  in.  which 
provides  6  =  6°=  30°  although  C  =  C°  +  AC. 

Example  8.2:  The  Influence  of  Misalignment  of  Crossed  Gear  Axes 
The  rack  and  gear  nominal  parameters  are  the  same  as  shown 
in  Example  8.1.  The  misalignment  of  crossed  gear  axes  is  given 
by  Ay  =  0.1°  (Fig.  8.2).  The  kinematical  errors  At}-^  and  the 
change  of  6F  and  6p  are  given  in  Table  1. 

The  compensation  of  kinematical  errors  is  achieved  with  the 
change  of  the  lead  angle  of  the  pinion  Ap  =  75.10°  ( AAp  =  0.10°). 
The  kinematical  errors  after  compensation  are  given  in  Table  2. 
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Table  1.  Kinematical  Errors 


Table  2.  Compensated  Kinematical 
Errors 


♦x 

CD 

*3 

29.9988° 

29.9989° 

29.9996° 

29.9996° 

0° 

29.9999° 

29.9999° 

o 

o 

H 

30.0000° 

29.9995° 

K> 

O 

o 

29.9996° 

29.9995° 

-10°  32.2610°  31.6613°  29.94" 


32.2613°  31.6616°  0.00" 


-29.94" 


32.2609°  31.6611°  -59.89" 


By  using  the  proposed  method  of  compensation  we  could  reduce  sub¬ 
stantially  the  kinematical  errors  induced  by  the  misalignment  of 
crossed  axes  of  gear  rotation  (kinematical  errors  approach  zero) . 

Example  8.3:  The  Influence  of  Misalignment  of  Intersected  Gear 
Axes 

The  rack  and  gear  nominal  parameters  are  the  same  as  shown 
in  Example  8.1.  The  misalignment  of  intersected  gear  cixes  is 
given  by  Ay  =  0.1°  (Fig.  8.3).  The  kinematical  errors  and  the 

change  of  6^  and  6p  are  given  in  Table  3.  The  compensation  of 
kinematical  errors  is  achieved  with  the  change  of  the  lead  angle 
of  the  pinion  =  75.06° (AAp  =  0.06°).  The  kinematical  errors 
with  compensation  are  given  in  Table  4. 


0.00" 


Table  3.  Kinematical  Errors 


r-i 

6F 

O 

o 

<N 

1 

38.1358° 

34.7987° 

0° 

31.5911° 

10° 

28.4910° 

20° 

25.4817° 

Table  4.  Compensated  Kinematical 
Errors 


♦l 

®F 

6P 

A  4.  « 

^  y  n 

(seconds) 
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37.1275° 

37.0376° 

5.17" 

o 

o 

33.5327° 

33.4847° 

1.21" 

0° 

29.9883° 

29.9898° 

0.00" 

10° 

26.4191° 

26.4823° 

1.30" 

20° 

22.6873° 

22.8334° 

4.98" 

By  using  the  proposed  method  of  compensation,  we  could  reduce  the 
kinematical  errors  induced  by  the  misalignment  of  intersected 
axes  of  gear  rotation. 

9 .  Computer  Aided  Simulation  of  Bearing  Contact  (With  Computer 
Graphics) 

We  simulated  the  bearing  contact  of  gears  by  setting  up  two 
coordinate  systems:  Sp  and  S2,  rigidly  connected  to  the  gear  1 
(pinion)  and  gear  2,  respectively  (Fig.  3.1).  Due  to  the 
computer  graphics  system,  the  figures  showed  in  this  section  are 
two  dimensional  computer  graphics. 

Fig.  9.1  showed  the  normal  crossed  section  of  gear  1 
(pinion)  in  coordinate  system  S-^  (Fig.  3.1  a),  there  are  12 

teeth  on  the  gear  1.  We  simulated  gear  1  by  considering  the 
equations  (3.6)  -  (3.12),  the  x-^  and  y^  axes  are  the  axes  of 
symmetry  of  the  normal  section.  As  we  discussed  in  Chapter  3, 
it  is  important  to  mention  that  the  normal  section  of  the  "fillet" 
of  gear  1  can  be  simulated  by  using  the  same  equations  which  we 
simulated  the  normal  section  of  the  working  part  and  substituted 
Cp,  ep,  bp  and  ap  by  Ppf),  6pf),  *4^'  and  aFf>  in  ec3uations 
(3.6)  -  (3.12)  . 

Fig.  9.2  showed  the  normal  cross  section  of  gear  2  in 
coordinate  system  S2  (Fig.  3.1  b) ,  there  are  94  teeth  on  the 


gear  2.  We  simulated  gear  2  by  considering  the  equations  (3.16) 


-  (3.21),  the  x  2  and  y  ^  axes  are  the  axes  of  symmetry  of  this 
normal  section.  As  we  mentioned  above,  the  normal  section  of  the 
"fillet"  of  gear  2  can  be  simulated  by  using  the  same  equations 
which  we  simulated  the  normal  section  of  the  working  part,  and 
then  substituted  Pp,6p,  bp  and  ap  by  ,  6^,  b^  and  ap^ 
in  equations  (3.16)  -  (3.21) 

Fig.  9.3  showed  the  front  view  of  gear  1  and  the  orientation 
of  contacting  ellipse  of  bearing  contact  when  the  center  distance 
did  not  change.  It  should  be  mentioned  that  the  size  of 
contacting  ellipse  showed  in  Fig.  9.3  depended  on  the  value  of 
elastic  approach  £  .  Also,  the  contacting  ellipses  showed  here 

was  a  side  view  (the  projection  on  x  -  z  plane).  Fig.  9.4  showed 
the  same  case  for  the  gear  2. 

Fig.  9,5  showed  the  bearing  contact  of  gear  1  due  to  an 
increased  of  center  distance  0.02  inches.  Fig.  9.6  showed  the 
same  case  for  the  gear  2.  From  these  two  figures,  we  found  that 
the  size  and  magnitudes  of  two  axes  of  contacting  ellipse  are 
changed  a  lot,  this  prove  that  circular  arc  helical  gears  are 
very  sensitive  to  the  change  of  center-distance. 

Fig.  9.7  showed  the  bearing  contact  of  gear  1  due  to  the 
misalignment  of  crossed  axes  of  gear  rotation  for  1.0  degree. 

The  size  and  magnitudes  of  two  axes  of  contacting  ellipse  were  not 
changed  significantly.  E'iy.  9.8  showed  the  same  case  for  the  near 
Fig.  9.9  showed  the  kinematical  errors  due  to  the  misalignment  of 
crossed  axes  of  gear  rotation  for  1.0  degree  with  and  without 
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compensation.  From  this,  we  prove  that  using  the  proposed  method 
of  compensation  discussed  in  Chapter  8,  we  can  cause  the 
kinematical  errors  to  approach  zero. 

1 0 .  Conclusion 

The  authors  have  presented  a  method  of  generation  of  tooth 
surfaces  for  circular  arc  helical  gears,  derived  the  basic 
equations  which  represent  the  geometry  of  gears,  and  proposed  a 
computer  aided  method  for  simulation  of  conditions  of  meshing  and 
of  the  bearing  contact  for  these  gears.  The  sensitivity  of  the 
gears  to  the  change  of  center-distance,  machine-tool  settings 
and  to  the  misalignment  of  axes  of  gear  rotation  have  been  investi 
gated.  A  technological  technique  for  the  compensation  of  the 
dislocation  of  the  bearing  contact  induced  by  the  above  errors 
have  been  proposed. 
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12.  Appendix  I  Gear  Tooth  Surfaces 

Gear  1  Tooth  Surface.  Substituting  subscript  "i"  by  "F"  in  equa¬ 
tions  (2.4)  and  (2.6)  and  taking  into  account  that  br  >  0, 

r 

we  obtain: 


ppSin6F  -  bp 

— ( PpCOsBp  -  aF)sinAp  +  UpCOsAp 

( ppCOsSp  -  ap) cosAp  +  UpSinAp 
1 


( I  - 1 ) 


sinGp 

-cosG_sinA„ 

F  F 

cos6„cosA_  _ 
F  F 


(1.2) 


Equations  (1.1)  and  (1.2)  represent  the  generating  surface 
Ip  and  the  unit  normal  to  this  surface.  We  may  derive  the  equation 
of  meshing  using  equations  (1.1),  (1.2)  and  (3.2)  with 


X  'F)  =  0  ,  Y  (F)  =  r.  _  ,  Z  (F)  =  i 
c  c  1 Y 1  c 


(1.3) 


where  Y^  and  Z^  are  coordinates  of  the  point  of  inter¬ 


section  of  the  normal  to  I_  and  the  instantaneous  axis  of  rota- 

F 

tion,  I-I  (Fig.  3.1,  a).  We  then  obtain 


fp(Up,  ep,  (t1)  =  ^ r l ^ l ~  ufcosAf  -  apSinAp)  SinGp  + 


b„cos9„sinA„ 


0 


(1.4) 


Equation  of  meshing  (1.4)  yields 

r^l  -  aFsinXF  +  j^cotg^tanx^  d.5) 

UF - F  F  F 

Equations  (1.1)  and  (1.5)  when  considered  simultaneously  represent 
a  family  of  contacting  lines  on  surface  Ep.  Eliminating  Up,  we 
may  represent  this  family  of  lines  of  contact  as  follows: 


PpSin0p  -  bp 

-  ( ppSinGp  -  bp) cotBpSinXp  +  ri^i 

2  aF 

( PpSinGp  +  b  tan  Ap)  cotGpCOsAp  -  cps  —  +  r^tanAp 
L  F 

(1.6) 

Using  equations  (1.6)  and  the  coordinate  transformation  from 

(F ) 

S  to  S,  we  obtain 
c  1 


x1  =  ( ppSinBp  -  bp  +  r^cos^  +  (PpCosGp  -  bpCOtGp)  sin^sinAp 

y1  =  ( PpSin6p  -  bp  +  r^sin^  -  (PpCOsBp  -  bpCOtGp)  coscJ^sinAp 
z.  =  p^cosG^cosA^  -  - r —  +  b^cotG^tanA^sinA^  +  r.^tanA- 

1  r  r  r  COSA^  r  r  r  r  ll  r 

F 

(1.7) 

The  surface  unit  normal  is  given  by 


sinGpCos^  +  cosGpSinApSintf  ^ 
sinGpSin^  -  cos0pSinApCOs4>^ 

cosG„cosA„ 

F  F 


(1.8) 


Using  the  coordinate  transf ormation  from  to  we  obtain 
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I 

V 


=  A, cosp .  +  B.sinp. 


=  A. sinp.  -  Bn  cosy. 


aF 

PFcos0Fcos>F  -  cogA  +  bFcot0FtanXFsinXF  +  r^tanXj 


(1.9) 


sinS^cosp.  +  cosO^sinX^sinp, 

r  1  r  r  i 


^  J=  sin6Fjinp^  -  cos0FsinXFcosp ^ 


cos6„cosX_ 

r  r 


(I. 10) 


Here : 


A1(6f)  =  pFsinep  -  bp  +  rlf  B^Gp)  =  (pFcos0F  -  bFcoteF)sinX 


and  p1  =  4>  -j_  -  4>  -[ 


(1 . 11 ) 


Equations  (1.9)  and  (1.10)  with  a  fixed  value  for  <j>J,  represent 
in  the  coordinate  system  Sh ,  surface  E ^  and  the  unit  normal  to 
1 1 .  These  equations  with  different  values  for  4>^,  represent 
in  S^,  a  family  of  surfaces  E^  an<^  the  unit  normals  to  these 
surfaces . 

The  derivation  of  equations  for  gear  2  surface  1.2  and  its 
unit  normal  is  based  on  similar  considerations.  We  may  represent 
these  equations  in  Sf  as  follows: 


=  A2COSP 2  ~  B2sinp2  +  C 


=  -A2sinp2  -  B2COSP2 


ppcosepcosXp  -  +  bpcot6psinXptanXp  +  r2<j>2tanXp 


(1.12) 


•V-V-.-.--, 


’’  vs  [  %y  -  y ->'-x  ^ 


sin0pcosu2  -  cos0psinypsiny2 


2)1  _ 


J=  -sin0psiny2  _  cos8psinApcosy 2 


cos6pcosAp 


Here : 


A2(ep)  =  PDsin0D  "  "  ro/  B,(0d)  =  (pncos 


2  *  2'  P 


and  y2  =  <J>2  -  <*>i. 


The  nominal  value  of  the  center  distance  is  C  = 


sssswiy  ^ 


List  of  Symbols 


Half  the  length  of  major  axis  of  contacting 
ellipse . 

Algebraic  values  which  determine  the  location 
of  the  center  of  the  circular  arc. 

Auxiliary  function  defined  in  Eq .  (4.11) 

”  "  Eq.  (4.12) 

”  "  Eq.  (4.43) 

"  "  Eq.  (4.44) 

"  "  Eq .  ( 5 . 1 ) 

"  "  Eq.  (3.9) 

"  "  Eq.  (3.19) 

Half  the  length  of  minor  axis  of  contacting 
ellipse . 

a  parameter  of  tool  setting 

Nominal  value  for  the  machine  settings 

Auxiliary  function  defined  in  Eq.  (4.13) 

"  "  Eq.  (4.45) 

"  "  Eq.  (5.1) 

"  "  Eq .  ( 3 . 9 ) 


Eq.  (3.19) 


Auxiliary  function  defined  in  Eq .  (5.1) 


Auxiliary  function  defined  in  Eq .  (5.1) 


projection  transformation  matrix;  trans¬ 
formation  from  Sj  to 

point  of  contact  of  tooth  surface 


coordinate  transformation  matrix;  trans¬ 
formation  from  S.  to  S . 

1  i 

surface  d  unit  normal 


relative  velocity  of  the  tip  of  the  unit 
normal  vector  n. 


surface  d  normal  vector 


Diametral  pitch  in  normal  section 


position  vector  represented  in  the  coor¬ 
dinate  system  Sc 

Pitch  radius  of  gear  i 


surface  position  vector  with  surface 
coordinates  (u^,  8^) 

coordinate  system  rigidly  connected  with 
frame 


Auxiliary  coordinate  system  h 

coordinate  system  rigidly  connected  with 
gear  i 

Auxiliary  function  defined  in  Eq .  (4.10), 

Eq .  (4.48) 
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generating  surface  coordinate 


Absolute  velocity  of  the  point  on  the 
surface  Z ± 

Relative  velocity  represented  in  coordinate 
system  Sf  of  a  contact  point  on  surface  Zj 
with  respect  to  contact  point  on  surface  12- 

Relative  velocity  of  contact  point  on  surface 
Zi 


Transfer  velocity  of  contact  point  on  surface 

*i 

Transfer  velocities  of  points  on  surface 
Ij_  in  coordinate  system  1. 

Relative  velocity  of  point  2  with  respect  to 
point  1  (v(21)=  v(2)_  v(l)j 


Angle  of  the  orientation  of  contacting 
ellipse  measured  from  axis  n  to  the  unit  vector 


Change  of  center  distance  (inches) 


misalignment  of  gear  rotation  axes 


Approach  of  surface  and  £2 


Nominal  value  of  the  pressure  angle 


pressure  angle  of  gear  d 


variable  parameter  which  determines  the 
location  of  a  point  on  circular  arc  gear  i 


helical  gear  i  lead  angle 


Auxiliary  function 


Auxiliary  function 


Radius  of  working  part  of  circular  arc 
rack  cutter  d 


Nominal  value  for  the  radius  of  circular 
arc 


Radius  of  fillet  of  circular  arc  rack 
cutter  d 


generating  surface  d 


generated  surface  of  pinion  and  gear 


Angle  form  by  principal  direction  of 
two  surfaces  measured  from  i.|l)  to  ij^) 

and  positive  angle  for  counterclockwise 

(F) 

Angle  measured  from  i'  to  the  unit  vector 
( 1 ) 

ij  ;  positive  if  counterclockwise 

(P) 

Angle  measured  from  i'  to  the  unit  vector 

( 2 )  ~  i 

ij  ;  positive  if  counterclockwise 

gear  i  rotation  angle  in  mesh  with  the 
corresponding  rack  cutter 

gear  i  rotation  angle  in  mesh  with  the 
mating  gear 


kinematical  error  function  defined  in 
Eg.  (8.27) 


pressure  angle 


gear  i  angular  velocity 
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